Heterotic M-Theory is a promising candidate for that corner of M-theory which makes contact with the real world. However, while the theory requires one of its expansion parameters, ǫ, to be perturbatively small, a successful phenomenology requires ǫ = O(1). We show that the constraint to have small ǫ is actually unnecessary: instead of the original flux compactification background valid to linear order in ǫ one has to use its appropriate non-linear extension. The structure of the non-linear background which comprises field-theory corrections of all κ 2n/3 , n ≥ 1 orders is protected by supersymmetry. As an independent check we show explicitly that the tree-level cosmological constant vanishes. We also comment on singularities and the issue of chirality changing transitions for the non-linear background. This background is then applied to predict Newton's Constant for vacua with an M5 brane on the basis of a stabilization mechanism for all universal moduli. For the simplest vacua without M5 brane we obtain a correction to the lower bound on Newton's Constant which brings it in perfect agreement with the measured value.
Introduction
Heterotic M-theory [1, 2] is a prime candidate for addressing successfully low-energy phenomenology like the unification of all coupling constants 3 [4] , predicting the observed value for Newton's Constant [4] , getting soft supersymmetry breaking terms of the right size [5] (in particular the gaugino masses) among many other issues. Moreover, it presents a natural arena for any implementation of hidden sector physics like supersymmetry breaking through hidden sector gaugino condensation [6, 7, 8] .
The novel feature of heterotic M-theory was the necessity to deal with backgrounds with non-vanishing vacuum expectation values for its four-form field strength G. The reason being that in the Bianchi-identity for G magnetic sources given by the boundary Riemann curvature two-forms together with the boundary super Yang-Mills (SYM) curvature two-forms appear. Therefore, the Bianchi identity cannot be solved anymore by embedding the spin in the gauge connection (as in the weakly coupled heterotic string) and requires a non-vanishing G of order κ 2/3 , where κ is the 11d gravitational coupling constant. However, a nontrivial G is related through the gravitino Killing spinor equation typically to a warp-factor deformed background if one wants supersymmetry to be preserved.
Therefore the challenge was to find backgrounds corresponding to compactifications in the presence of G fluxes which would break the 16 supersymmetries of the theory exactly down to four, corresponding to a 4d low-energy theory with desired N=1 supersymmetry. This was achieved in [4] for the case of a deformed Calabi-Yau (CY) threefold compactification with deformation controlled by the G fluxes. For the case which is interesting for phenomenology G possesses a non-vanishing component only along the CY, thereby inducing a variation of the CY size along the orbifold direction (via the warp-factor/G-flux balance from the Killing spinor equation). Notice that this phenomenon has no counterpart in the weakly coupled heterotic string because the required flux G lmnp (l, m, . . . denote the CY indices) is projected out in that limit in consistency with the fact that the heterotic string's NS field-strength H mnp originates in M-theory from G mnp11 . Therefore the varying CY volume is a particular feature of the strongly coupled heterotic string.
For the case with non-vanishing G mnpq but vanishing G mnp11 the background geometry describing the compactification of 11d heterotic M-theory down to 4d found in [4] turned out to be the following warped geometry (µ, ν, . . . refer to the external Minkowski spacetime indices, g mn is the CY metric and x 11 denotes the S 1 /Z 2 orbifold coordinate) ds 2 = (1 − f lin (x 11 ))η µν dx µ dx ν + (1 + f lin (x 11 )) g mn (y)dy m dy n + (dx 11 ) 2 (1.1)
with warp-factor f lin given by (ω denotes the CY Kähler-form)
(1.
2)
The integral represents the G flux on the visible boundary and V v is the visible boundary's CY volume. If the visibile "instanton number" is larger than the hidden one the integral gives a negative value [4] . Without loss of generality we will therefore designate the visible boundary the one with larger "instanton number" so that f lin can always be regarded as being non-positive.
An important point is the regime of validity of the background (1.1). Its derivation [4] assumed an expansion in the small "parameter" f lin -the warp-factor -and kept all terms linear in f lin . It therefore looses validity when the neglected higher order contributions f n lin , n ≥ 2 become of the same size as f lin . Because of the linearity in x 11 the expansion "parameter" f lin will however grow until at some finite critical distance x 11 = L c the factor 1 + f lin which multiplies the internal geometry becomes zero 1 + f lin (L c ) = 0 .
(1.3)
One consequently has to impose L c as an upper bound on the orbifold length L (distance between visible and hidden boundary) in order to avoid an unphysical regime of negative metric with negative internal volume beyond this critical distance. Moreover, in the vicinity of the critical distance f lin (x 11 L c ) necessarily becomes of order one instead of staying perturbatively small as would be required for the validity of (1.1). Therefore the linearized background (1.1) actually breaks down before one has reached the critical distance and the inclusion of the neglected higher order contributions f n lin , n ≥ 2 becomes mandatory.
A criterion for the validity of (1.1) which is ubiquitous in the literature comes as follows. By plausibly estimating the absolute value of the integral in (1.2) to be of order V 
where L has to be smaller than L c as explained before. Because (1.3) means |f lin (L c )| = 1, this upper bound on L translates to the upper bound ǫ ≤ 1 (as already an estimate went into (1.4) the bound is rather ǫ ≤ O(1)). However, this constraint is still not restrictive enough to guarantee the validity of (1.1). Namely, to make sure that the higher order corrections f n lin , n ≥ 2 are sufficiently suppressed, one has to sharpen the bound to [9] ǫ ≪ 1 .
(1.5) Naturally, the effective 4d action [10] which results from the dimensional reduction of 11d heterotic M-theory over the linearized background (1.1) thus inherited the requirement for small ǫ. 4 It had been realized early on, however, that the regime where ǫ is small is hardly compatible with the requirements of phenomenology which demands ǫ ≃ O(1) [9] . Moreover, one has to be careful with the 4d Newton's Constant which becomes negative, as a result of the negative internal volume, when ǫ becomes too large. More precisely, one finds the tree level relations [12] (here and therefore lead to an ǫ = (4π) 1/3 6 L/κ 2/9
(Rv/κ 2/9 ) 4 = O(1). Notice the sensitivity due to the fourth power to the actual value for M GU T which might range between 2 × 10 16 GeV and 3 × 10 16 GeV. Thus -apart from possible corrections to the estimate V 1/3 v for the flux integral -this generic discrepancy, that the "real world" seems to reside where the hitherto available effective theory essentially breaks down presents a major obstacle for any full-fledged contact between M-theory in its heterotic corner and phenomenology.
It is the aim of this paper to show that actually the small ǫ constraint (1.5) of heterotic M-theory becomes dispensable and therefore the discrepancy between theory and phenomenology disappears when one uses the proper non-linear extension [13] to the linear background (1.1) which includes the higher-order corrections f n lin neglected in (1.1). 4 Actually another dimensionless expansion parameter
) appears in the effective 4d theory. However, the background (1.1) is exact in this parameter to all orders [11] which is why this parameter is of no particular concern to us here. By requiring R v , L ≫ κ 2/9 in addition one is assured that supergravity is a good approximation to M-theory and that all corrections due to geometrical instantons are sufficiently suppressed.
By using this non-linear background for a reduction of the 11d theory also the 4d effective heterotic M-theory becomes exempt from the small ǫ constraint which would open up the way to reliably obtain phenomenological predictions from M-theory in its heterotic regime.
The remaining organization of the paper is as follows. In section two we first review the non-linear compactification background and point out why it exempts the theory from its small ǫ constraint. Next, we discuss for the case where an isolated singularity occurs the issue of chirality change for the hidden boundary gaugino once the singularity is passed. Here we find compelling reason why the hidden boundary should be placed at or before (in the orbifold direction) the singularity. We then show in detail the relation between the linear and the non-linear background, in particular how the latter incorporates all the higher order corrections which lead to the absence of the small ǫ constraint. As an example we describe the non-linear background for the simplest heterotic M-theory vacua without additional M5 branes where a singularity appears at some finite x 11 0 along the orbifold whose value is determined by the visible boundary flux. In section three we show that the heterotic M-theory tree-level cosmological constant vanishes for the full non-linear background. This provides an additional verification that the structure of the non-linear background which includes field theory corrections of all κ 2n/3 , n ≥ 1 orders is indeed protected by supersymmetry. In section four we use the non-linear background to derive the 4d Newton's Constant G 4 . For the simplest vacua without M5 branes in case that there is no M-theoretic singularity resolution or that the resolution affects the geometry only locally, one has to place the hidden boundary before the singularity which leads to a lower bound for G 4 . With the numerical input of the GUT scale and the GUT gauge coupling this lower bound is in excellent agreement with the measured value. Furthermore, we evaluate Newton's Constant also for vacua with an additional parallel M5 brane which shows that for the stabilization scenario considered in [14] G 4 is very close to the measured value.
The Non-Linear Extension of Heterotic M-Theory

Flux Compactifications
We saw before that for the linearized background (1.1) one has to cut-off space at a critical orbifold distance L c but to ensure that ǫ ≪ 1 requires actually a much smaller cut-off in L. It seems that there are two ways how one might deal with such a situation. Either one is able to find a stabilization mechanism for the orbifold size modulus (in a strongly coupled disguise this is nothing else but the dilaton stabilization problem) which allows to stabilize the orbifold size at a sufficiently small value of L (below L c ) or one has to find the extension of (1.1) which presumably avoids negative warp-factors and CY volumes at all.
The first possibility was addressed in [14] where a stabilization mechanism 5 through non-perturbative open membrane instanton effects in conjunction with G-fluxes was found in the presence of an additional parallel M5 brane which fills the external spacetime and wraps an internal holomorphic 2-cycle (see also [16] for earlier important insights related to this set-up and [17] ). Though a local minimum of the moduli potential could be established at positive vacuum energy, there are general arguments [18] that such de Sitter vacua should be false vacua and the global potential should at least allow for another zero energy-density vacuum in the decompactification limit. Therefore, even if one is able to stabilize the orbifold modulus below L c there are nevertheless compelling reasons why one would like to study the moduli potential globally, i.e. at best for arbitrary values of L. So either way one has to understand how (1.1) has to be extended which we will now address.
The Non-Linear Flux Compactification Background
In [13] (cf. also [19] ) the relation between an 11d heterotic M-theory compactification background preserving 4d N=1 supersymmetry ds 2 = e b(y,x 11 ) η µν dx µ dx ν + e f (y,x 11 ) g mn (y)dy m dy n + e k(y,x 11 ) dx 11 dx 11 (2.1) and the four-form flux G was investigated. As the Ansatz for the metric reflects, it was assumed that heterotic M-theory is compactified on a seven-space which is a conformal warp-factor deformation of the CY × S 1 /Z 2 geometry.
The non-trivial four-form flux G which arises in heterotic M-theory e.g. by the presence of its boundaries implies a non-trivial Bianchi identity
where the S i (y) four-form describes the magnetic sources -boundaries and possible additional parallel M5 branes. It turns out that one can solve the gravitino Killing-spinor equation explicitly and thus determine the supersymmetry preserving compactification backgrounds for arbitrary sources S i as long as they are localized along the orbifold and thus do not depend on x 11 [13] . In particular the S i could therefore accomodate higher order corrections as long as these corrections do not change the formal structure of the 11d gravitino supersymmetry transformation. However, the higher order κ 4/3 corrections which are needed in heterotic M-theory in order to smooth out the localizing deltafunctions and thus to provide the boundaries with a finite thickness are beyond the grasp of the 11d supergravity framework. Here, the 10d boundary E 8 super Yang-Mills fields would have to propagate into the 11d bulk. However, supersymmetric Yang-Mills theories in the conventional local field-theory framework are impossible in spacetime dimensions higher than ten [20] . Therefore as long as the description in terms of supergravity is adequate we do not expect a smoothening of the localizing delta function in the Bianchi identity (2.2). Subsequently we will work in Horava-Witten supergravity at κ 2/3 order where these higher order 'quantum M-theory' corrections are absent.
The magnetic sources S v,h (y) coming from the visible resp. hidden boundary are in Horava-Witten supergravity given through [2] S v,h (y) = −
Moreover, compatible with the 11d N=1 supersymmetry of heterotic M-theory, there can also be M5 branes parallel to the boundaries acting as magnetic sources for G. For instance an M5 brane which is space-time filling in the 4d external directions and wraps an internal holomorphic 2-cycle Σ (with Poincaré dual four-form [Σ]) gives a contribution
For these two different types of magnetic sources one can solve the Bianchi identity for the field-strength G and obtains two types of contributions, G lmn11 and G lmnp . In addition, for the Bianchi identity to have a solution the anomaly cancellation condition
has to be satisfied. For these two types of G together with the Ansatz (2.1) one can then solve the gravitino Killing spinor equation, thus searching for 4d N=1 supersymmetry preserving compactification geometries.
Let us state the result [13] . Without loss of generality one may equate the two internal warp-factors k(y, x 11 ) = f (y, x 11 ) .
(2.6)
For the two remaining warp-factors b and f one finds equations which specify the warpfactors in terms of G and are given as the following first order partial differential equations (a,ā = 1, . . . , 3 refers to the holomorphic coordinates y a ,ȳā on the CY)
(in the exponential on the right hand side (rhs) k has already been replaced by f ). Therefore
One is therefore naturally led to consider two choices in detail. One choice, where G possesses only a component with index in the orbifold direction
and can be used to show [13] how the M-theory relation between warp-factors and flux (2.7) reproduces the analogous one of the weakly coupled heterotic string with torsion [21] . The other choice where G is non-vanishing only on the CY
and leads to the phenomenologically interesting case with varying CY volume along the orbifold direction. It is this latter case which will be of main interest to us here and on which we will focus exclusively during the rest of this paper.
For this second choice the only remaining nontrivial differential equation (2.8) for f can easily be integrated to
(we have set f (0) = 0 meaning that the six-space compactification geometry reduces to the undeformed CY when one approaches the visible boundary). Notice that the rhs can become negative. In this case the left hand side (lhs) will be defined by the rhs through analytic continuation. To comprise also this case, let us denote henceforth e f (x 11 )/2 together with its analytically continued negative values by F (x 11 ) whose cube is defined through the rhs of (2.15). Because the warp-factor e f = F 2 which enters the metric is always non-negative, this analytic continuation indeed makes sense. We will comment on its physical implications in the next subsection. It is the feature that the sources of the theory are localized along the orbifold which will now allow us to peform the integral explicitly. Namely, with sources localized in the x 11 direction and absence of any components G lmn11 the Bianchi identity (2.2) gets solved by
such that the x 11 and the y dependence become decoupled and the integration can be carried out explicitly with the result
Here it is convenient to define the scalars
where the index contractions are done with the undeformed CY metric such that there are no warp-factors present in the contractions.
Using the partial differential equations for f the S i are seen to be independent of the CY coordinates y and are therefore constant. This allows to express them alternatively as flux integrals
The anomaly cancellation condition can be restated as
Non-Negative Metric and CY Volume
Let us now explore the consequences of the solution (2.14), (2.17) . First of all, we gain from (2.17) the warp-factor
and together with (2.14) the metric background solution
Evidently, the warp-factor and metric are now manifestly non-negative in contrast to the linearized case (1.1),(1.2).
There are two situations which can now arise: either the fluxes and the distribution of the sources are such that the warp-factor stays positive for arbitrary values of x 11 or it becomes zero at some point. An example for the first case would be a vacuum with an M5 brane whose flux compensates the visible boundary flux and in the extreme case where these fluxes are equal but opposite can lead to a constant and positive warp-factor at x 11 ≥ x 11 5 where x 11 5 is the position of the M5 along the orbifold (see e.g. [14] , fig. 2 which uses the geometry (2.22) for this case). In the second case when the warp-factor becomes zero at some point we run into a naked singularity. That this is not merely a coordinate singularity can be seen e.g. by evaluating the Riemann scalar for the metric (2.22) (our general relativity conventions are those of Weinberg [22] )
which is easily seen to diverge at the point where e f becomes zero. In a pure classical gravity framework this singularity would have to be cut out of spacetime. However, because we are working here in M-theory one should expect that the singularity gets resolved by going beyond the tree-level supergravity approximation. For instance higher order in derivative corrections or M5 instanton contributions which wrap the total vanishing CY volume might be able to resolve the time-like singularity. We will however present evidence below which suggests that the hidden boundary should sit at the singularity thus pointing to a possible role gauge instantons could play in a resolution of the singularity [4] . We will leave the detailed investigation of the resolution mechanism to future work but want to stress that such a resolution is hardly conceivable in the linearized background where the CY volume and the warp-factor become increasingly negative beyond the singularity.
Let us now see what happens to the restrictions on ǫ which were found in the linearized case. First of all as we will show in detail in the next subsection, the full background corresponds to the non-linear extension of the linearized background (1.1) in the sense that it comprises all higher-order corrections f n lin , n ≥ 2. Consequently, this eliminates the sharper bound ǫ ≪ 1 for the full background whose very task it was to make sure that these higher-order corrections do not have to be included. Concerning the second milder restriction of ǫ ≤ 1 which came in the linearized background from the cut off in L in order to avoid a negative metric, the crucial question will be whether one can resolve the singularity by M-theoretic corrections or not. Under the premise that it can be done this bound would also disappear because the remaining geometry except for the singularity is well-behaved. However, we will see in the next subsection that if the hidden boundary is placed in the region beyond the singularity a chirality change for the hidden boundary gaugino would occur and moreover the kinetic term of this gaugino would appear with the wrong sign. The latter seems to indicate that even if there is a local (in the x 11 sense) singularity resolution mechanism which leaves the global structure of the geometry intact, nevertheless the hidden boundary should sit at the singularity (it could also sit before the singularity but the singularity position is distinguished in vacua without M5 branes by leading to an astonishingly precise value for Newton's Constant together with the usual GUT framework, cf. the last section). Consequently for the simplest vacua without additional M5 branes the ensuing upper bound on L is such that still one would obtain a constraint ǫ 1 however this time for very different reasons. Nevertheless, in either case we see that when one wants to address heterotic M-theory phenomenology which requires ǫ ≃ O(1) (see the introduction) one should use the full non-linear background rather than the linearized one in order to avoid inconsistencies with the sharper bound ǫ ≪ 1.
With explicit knowledge of the warp-factor, we can also determine the CY volume as
thus revealing as well a manifestly positive and in addition simple quadratic behaviour. We will make the connection to the linearized background (1.1),(1.2) precise later.
Chirality Change for the Hidden Gaugino
Let us now analyze in more detail for the case in which a singularity occurs what happens behind (in the x 11 direction sense) the singularity. For this we will assume that M-theory provides us with a resolution of the singularity such that the resolution will only affect the local vicinity of the singularity but leave the global geometry intact. Notice that without this assumption the excision of the singularity would leave us with two disconnected pieces of spacetime and thus effectively ending spacetime (as it can be reached from the visible boundary) at the singularity.
While the warp-factor e f is always non-negative, its square-root F (x 11 ) becomes negative in the regime where either the fluxes or x 11 grow large. For the simplest situation with just the boundary sources being present the singularity would sit at x 11 0 = 1/S v . First a technical remark: because beyond this point the right hand side of (2.17) becomes negative, we cannot simply evaluate √ e f as e f /2 (which is only valid for x 11 ≤ x 11 0 ) but must use its analytically continued value which gives √ e f = |F | .
25)
This generalization comprises the standard result √ e f = e f /2 whenever F is positive. It means that a quantity like det(e f g) on a space with odd dimensions, e.g. on the full internal 7-space, is given by |F | 7 √ det g where the absolute value becomes essential in the region where x 11 ≥ x 11 0 .
Physically, the movement of the hidden boundary through the singularity is related to a chirality changing transition (with respect to movements in the length modulus L) for the gaugino on the hidden boundary. The occurrence of such transitions in string-theory was first pointed out in [23] (for some later developments cf. [24] , [16] ). By following the analysis in [13] one sees that also the vielbein e MM (M, N, . . . = 0, 1, . . . , 9, 11 and A, B, C, . . . = 0, 1, . . . , 9 in the following) is analytically continued when we use the more general F instead of e f /2 . For instance the lhs of (2.15) is derived from e k/2−2f which stems from the vielbein combination (e 111 1 ) −1 e ll e mm e nn e pp (contracted with G lmnp ηlmηnp). Instead of the naive e µμ = e f /2 , e mm = e mm (CY ) e −f /2 , e 111 1 = e −f /2 (which are only valid for x 11 ≤ x 11 0 ) the vielbein becomes e µμ = F , e mm = e mm (CY ) F −1 , e 111 1 = F −1 (2.26)
which means it will likewise be continued to negative values in the regime beyond the singularity. Again, the metric stays positive under the continuation because it involves always two vielbeineĝ M N = e MM e NN ηMN . Now the chirality operator (from the 10d perspective) is given by
with Γ1 1 the flat-space chirality operator. This, however, means that the chirality operator which acts on the hidden boundary E 8 gaugino χ as Γ 11 χ = F −1 χ flips its sign once the hidden boundary passes the singularity. In other words the chirality of the hidden gaugino depends on whether the hidden boundary is placed before (positive chirality) or behind (negative chirality) x 11 0 .
Let us comment on coordinate transformations in this respect. From the coordinates used in (2.22) it seems that at x 11 0 the orbifold itself would shrink to zero size. This, however, is not true as a simple coordinate transformation from x 11 to y 11 given by dy 11 = |F |dx 11 shows. Therefore, there is no shrinking of the orbifold size in y 11 coordinatesinstead theĝ 11, 11 part of the metric stays constant. One could now think that such a coordinate transformation might also eliminate the chiral transition because it basically trivializes the vielbein in the orbifold direction. Notice however, that the chiral transition is still present as we remain after the coordinate transformation still with a discrete sign factor which jumps at the singularity Γ 11 (y 11 ) = |F |Γ 11 (x 11 ) = sign(F )Γ1 1 .
(2.28)
Because this chirality transition is caused by a sign change of the vielbein it will however at the same time change the sign of the 10d Dirac-operator D / = e AĀ ΓĀD A . Therefore, by placing the hidden boundary beyond the singularity the gaugino would appear with a wrong sign kinetic term. This strongly suggests that on physical grounds the hidden boundary should be placed before or at the singularity. Indeed, as we will see in the last section, the singularity position stands out by leading to a very accurate agreement with the measured Newton's Constant while incorporating all the successes of the GUT theories.
First Order Fluxes Do Not Imply Linearized Background
Let us now turn to the relation between the non-linear background and the linearized one. This of course poses the question 'does not working at order κ 2/3 already imply that one has to use the linearized background?' (which seems to be a common belief in the literature). We will clarify why this is not the case.
Let us first consider the κ 2/3 expansion of heterotic M-theory in 11d prior to any compactification. It is well-known that M-theory in the absence of any scalar fields does not possess a dimensionless coupling constant which could serve as a small expansion parameter. This is the major problem when one aims to establish M-theory as a theory of supermembranes in analogy to the perturbative definition of string-theories. In heterotic M-theory there is however one fundamental scalar modulus, the orbifold length L. So a natural dimensionless expansion parameter is κ 2/9 /L. However, the κ 2/3 expansion of heterotic M-theory is actually only a formal expansion (see also the remarks in [2] ). Namely, whatever the dimensionless expansion parameter would be, a conventional expansion would require smaller and smaller higher order terms. This means that the 'higher order' boundary action S bound would have to be sufficiently suppressed against the 'leading order' bulk action S bulk , i.e. S bulk ≫ S bound . However, precisely this is not the case, because what one finds is S bulk + S bound = 0 (see [13] for the case with κ 2/3 level truncated background and section three below for the case with full non-linear background) in accord with a vanishing cosmological constant at tree-level.
We will see however now that the warp-factor in the full non-linear geometry admits an expansion in terms of a small dimensionless 'parameter' for which it is necessary to distinguish more carefully between the linearized background approximation and the first order κ 2/3 approximation of Horava-Witten theory. To arrive at the linearized geometry namely requires the further assumption that
is satisfied where the 'expansion parameter' -the full expression inside the absolute values on the rhs -involves not only κ 2/3 through S i but x 11 as well. Once this additional condition is met we can approximate e f by 1 + f and find that f approaches the linearized warp-factor f lin
30)
In order to see the precise relation between the full and the linearized solution, let us express the full warp-factor e f through f lin e f (x 11 ) = 1 + 3 2 f lin (x 11 ) and thus shows explicitly how the higher order contributions f n lin , n ≥ 2 are included in the full non-linear solution. As mentioned earlier the inclusion of the higher-order terms eliminates the stronger bound ǫ ≪ 1 whose duty was to guarantee (via
higher order corrections f n lin , n ≥ 2 to f lin are negligible and the linear background approximation (1.1) could be trusted.
Notice that in general the constraint (2.29) imposes not only a constraint on the fluxes but also on the range of x 11 . Necessarily, in the vicinity of every point where the warpfactor e f becomes zero, the approximation (2.29) and therefore the linearized background are no longer valid because the 'expansion parameter' becomes of O(1) as can be seen from (2.21) . Consequently, whenever one has to enter this regime (e.g. to evaluate the effective 4d Newton's Constant) one has to use the full non-linear background.
The full non-linear result for the warp-factor and therefore the background geometry contains corrections of order κ 2n/3 . Therefore one might worry whether further higher order corrections could change the result (2.32). Definitely one expects higher order κ 4/3 corrections in heterotic M-theory to provide the boundary sources with some finite thickness (see [2] ). Notice, however, that these are not describable within a local field-theory framework 6 because necessarily the boundary gauge-fields would have to propagate into the bulk but an 11d super Yang-Mills theory is impossible [20] . These corrections therefore go beyond a combined 11d supergravity plus 10d super Yang-Mills i.e. Horava-Witten supergravity analysis. Our analysis here does not incorporate these unknown corrections because it assumes a local field-theory framework and the supersymmetry transformation of the gravitino as given by 11d supergravity [28] from which the Killing spinor equation derives. However, as long as the form of the gravitino supersymmetry transformation can be assumed our results (2.21), (2.22) follow directly and cannot receive further corrections (e.g. higher-order corrections which can be absorbed into a redefinition of G but leave the gravitino transformation formally the same will only change the numerical value for the S i but not the form of the non-linear background [13] ). So any higher order corrections which would change our result would have to change the form of the 11d gravitino transformation and would therefore be distinguished.
The Standard Vacuum Without M5's
For clarity and because this gives the simplest vacua, let us briefly illustrate the geometry for the original Horava-Witten set-up which includes the visible boundary contribution but omits additional M5 sources 7 . Here the warp-factor becomes (cf. fig.1 )
while the CY volume becomes a simple parabola (cf. fig.1 )
Obviously, at x 11 0 = 1/S v the CY volume and the warp-factor vanish. Moreover, a chirality change occurs for the hidden boundary gaugino when the hidden boundary passes this point (i.e. when one increases the length modulus L in a movement in moduli space of heterotic M-theory beyond the value 1/S v ) combined with a sign-change in the kinetic term of the gaugino. Under the premise that M-theoretic corrections might resolve the singularity at x 11 0 and for completeness we analytically extend the solution to the regime x 11 ≥ 1/S v depicted also in fig.1 . The linearized approximation which constitutes the first order approximation of a Taylor series expansion in
The hidden boundary source is not independent but related to the other sources through the anomaly cancellation condition. Figure 1 : The left figure shows the positive parabolic CY volume which results from using the full non-linear background in comparison to the linearized approximation which is given as the tangent to the parabola at the location of the visible boundary. The right figure compares the full warp-factor e f (curve with the peak at the singularity) with the linearized warp-factor 1 + f lin (straight line). To trust the linearized approximations requires x 11 S v ≪ 1 which is only valid in the constrained parameter regime where ǫ ≪ 1. This constraint is not needed when one works with the full background.
requires the further assumption of x 11 being not too large to guarantee x 11 S v ≪ 1. In the vicinity of the singular point x 11 x 11 0 where this requirement is not fulfilled one has to keep all higher order terms arising from expanding the logarithm in (2.35).
One could think that the kink which is present at x 11 0 in the non-linear geometry might already tell us that the Einstein equations require a source being localized at this point (see e.g. [29] where singularities require the introduction of effective three-branes in order to balance the Einstein equations). This however turns out not to be true because a closer look at the Einstein tensor E M N = R M N − (1/2)Rĝ M N for the non-linear background reveals that
which does not lead to a Dirac delta-function δ(1 − x 11 S v ) which would indicate a localized source but gives instead a simple power divergence showing again the presence of the singularity. Roughly speaking, the geometry does not enforce the localization of a source at x 11 0 = 1/S v because also the first derivative of the non-linear warp-factor diverges here. If it would stay finite, then the Einstein tensor would exhibit a delta-function at this point thereby telling us that some source (basically the hidden boundary because charge con-servation and supersymmetry preservation exclude other choices) would have to be placed here. One may think of different possible mechanisms to 'resolve' the singularity. Taking into account perturbative corrections from higher derivative terms like R 4 terms [30] , [31] , [32] leads to a shift of the CY-volume proportional to the Euler number and an ensuing effective lower bound on the 'quantum' CY-volume. Alternatively, non-perturbative corrections like M5-instantons wrapping the CY [33] become important when the CY-volume goes to zero classically 8 . Moreover, we have seen that in order to avoid hidden gauginos with a wrong sign kinetic term the hidden boundary should be placed before or at the singularity. If it is placed at the singularity also gauge instantons of the hidden E 8 gauge group should become relevant [4] .
To summarize, having first order fluxes in Horava-Witten supergravity does not force one to use the linearized background approximation as well; rather, on the contrary, one must use the full non-linear background with its quadratic volume dependence as one is approaching the volume's zero position (singularity). Moreover, the phenomenon of a chirality change at the singularity appears only in the full background because only here can one go beyond this point which was not permitted in the linearized background.
Vanishing of the Cosmological Constant in the Non-
Linear Background
Let us now determine the tree-level vacuum energy of heterotic M-theory in the full nonlinear background. For simplicity we will do this for the standard vacua without additional M5 branes. Indeed we will find a vanishing cosmological constant in accordance with the fact that this background is supersymmetry preserving. While this had been checked in [13] only at the κ 2/3 truncation level of the full background, i.e. for the linearized background, we will prove it here for the full non-linear background. The result is then another manifestation of the fact that the non-linear background, though it involves higher order κ 2n/3 , n ≥ 2 field-theory corrections, is protected by supersymmetry and does not mingle with the unknown higher order κ 2n/3 , n ≥ 2 corrections of heterotic M-theory. These as we have pointed out would require a deviation from the local field-theory description.
So let us adopt the vacua described in the previous section without additional M5 branes. The singularity which occurred at x 11 0 = 1/S v would, if it can be lifted by Mtheoretic corrections, presumably contribute additional energy sources. We will therefore constrain the analysis to the regime where L < 1/S v , i.e. space ends at the hidden boundary before the singularity is reached. Only in this section we will work in the upstairs picture because only here is an integration over boundary-localized sources unambiguous. That means instead of working on the 11d orbifold interval M 11 /Z 2 (downstairs picture, employed in the rest of this paper) we will work on the smooth 11d manifold M 11 together with the Z 2 symmetry acting on x 11 . In particular the 11d interval S 1 /Z 2 becomes a circle S 1 with periodicity 2L.
Clearly the 11d bulk curvature scalar R will pick up delta-function localized contributions from both boundaries. The Z 2 symmetry demands that the metric componentŝ g AB (−x 11 ) =ĝ AB (x 11 ) ,ĝ 11, 11 (−x 11 ) =ĝ 11, 11 which has a kink at the visible boundary (we omitted the absolute value in the warpfactor (2.33) due to the restriction |x 11 | ≤ L < 1/S v ). Consequently R involving the second derivative of the warp-factor receives a delta-function contribution. By using the periodicity of the 11d circle one infers likewise a singular contribution from the hidden boundary. The contributions to R can therefore be split into a regular and a singular part
The determination of the regular piece can be straightforwardly done from the metric
Because the singular part is more subtle let us derive it by a different strategy which will allow us at the same time to obtain a useful relation needed later on. To this end let us contract the Einstein equations [25] (I, J, K run from 0 to 10 and A, B, C from 0 to 9)
where the boundary energy-momentum tensors are given through 9 (i = v, h)
Now, though G itself experiences a sign-jump at each boundary, G IJKL G IJKL stays regular when crossing a boundary and in particular does not develop any singularities. Therefore delta-function singularities appear only on the rhs of (3.7) and consequently have to cancel which implies that (where the index contractions of the gauge and gravitational field-strengths are done with the unwarped original CY metric)
Note a relation (which will be used below) which one finds from (3.7)
Before coming to the main determination of the vacuum energy, let us briefly present another useful identity. The expression for the visible boundary source
together with the relation (following from the supersymmetry conditions F ab = Fāb = 0, ω lm F lm = 0, where again index contractions are performed with the unwarped CY metric) (3.11) and the analogous one for R lm allow us to rewrite the visible boundary flux S v as
The coefficient c appearing in the boundary energy momentum tensor would be c = 1 if one would use the result of Horava-Witten for the relation between the 10d gauge coupling and the 11d gravitational coupling. However in [26] the local anomaly cancellation had been reconsidered and a value of c = 1/(2 1/3 ) had been found in the upstairs picture (c = 1/2 in the downstairs picture). Notice that c drops out in the end in (3.17) and thus cannot be determined by demanding a vanishing cosmological constant.
(and similarly for S h ; the contractions are performed with the unwarped CY metric). These identities allow us to express the boundary action in terms of the respective fluxes.
Let us now calculate the vacuum energy by starting with the bulk action (in the upstairs picture) which by using (3.3), (3.4) , (3.8) and (3.9) becomes 10
where we have used (3.12) and its hidden boundary equivalent in the second bracket of the third row to convert the boundary integrals into the flux parameters S v,h . The anomaly cancellation condition (2.20) thus gives for the bulk contribution to the vacuum energy
Next, let us evaluate the contribution from the boundary action which is given by 11
The index contractions are done with the full warped metric. The evaluation of the boundary action for the non-linear background and the identity (3.12) plus its counterpart for the hidden boundary lead, with the anomaly cancellation condition (2.20) , to
Therefore the bulk and boundary contributions to the vacuum energy precisely cancel
Thus the cosmological constant vanishes at tree-level. Although expected from supersymmetry it is non-trivial to get this remarkable all-orders result (in field-theoretical κ 2/3 corrections included in the non-linear background) in the strongly coupled M-theory computation. The origin is the relation (2.33) between the G-flux and the warped geometry whose structure is protected by supersymmetry and tempts one to believe that it might be possible to encode the supersymmetry conditions (2.7), (2.8) in terms of likewise supersymmetry protected perfect squares R(ĝ) + 1 24 G 2 ∼ '(∂f − G) 2 ' in the effective 4d potential (cf. for the weakly coupled heterotic string the similar second order in α ′ perfect square structure [37] resulting from the balance between the H-flux and the deformation of the CY geometry (measured by the deviation dJ = 0 from being Kähler) in the 4d tree-level potential 12 ). To carry this out in detail would require to incorporate f ′′ into a perfect square as well. Indeed equ. (3.9) suggests such a connection; however note that one is not allowed to use (3.9) if one wants to deduce that supersymmetry solutions fulfill the equations of motion because (3.9) relies already on the equations of motion.
Newton's Constant
We have seen so far that the ǫ ≪ 1 constraint is an artefact of the linearized background approximation and that by including non-linear effects flux compactifications of heterotic M-theory do not require this constraint. If the distribution of the sources is such that there are no singularities then one is free to extend L to arbitrary size. In this case a prediction of the 4d Newton's Constant requires a stabilization mechanism for L. Such a mechanism had been proposed in [14] for vacua including an additional M5 brane of the sort introduced earlier. It exploited non-perturbative open membrane instantons stretching from the M5 to each of the boundaries in combination with G-fluxes. We will evaluate the resulting 4d Newton's Constant for this scenario in the non-linear background and will see that it comes quite close to its measured value.
If on the other hand a singularity appears at some x 11 0 , one would have to cut it out in a purely classical supergravity framework. This would then in a spirit similar to [4] lead to an upper bound on L. However, because we are dealing with M-theory which extends classical general relativity one should expect that the singularity which is time-independent will be lifted by quantum effects or the extended nature of the M-theory membrane (see e.g. the discussion in [30] , or the review [35] ). If this resolution mechanism is local, i.e. affects only the singularity but not the rest of the geometry, then at x 11 ≥ x 11 0 we enter a region in which the gaugino has the wrong sign for its kinetic term. Unless we can make sense of this situation it tells us that the hidden boundary should sit at some L ≤ x 11 0 . We will then see in this section that the position L = x 11 0 is highly favoured by giving an astonishingly precise value for the 4d Newton's Constant. We will nevertheless present formulae for the 4d Newton's Constant which are general enough to cover also the situation where the hidden boundary sits at some L ≥ x 11 0 .
For the background (2.22) Newton's Constant can be derived explicitly by integrating out the internal dimensions in the 11-dimensional Einstein-Hilbert action 13
where the hatted metric includes the warp-factors in (2.22) and we have used the relations R(ĝ (11) ) = e −b R(g (4) ) + . . . and −ĝ (11) = |F | 3 −g (11) . Notice the absolute value in the second row which becomes essential if a singularity is present and one enters with L the regime beyond the singularity. This absolute value had been neglected in [13] and therefore gave incorrect results in this regime. Comparison with the standard 4d Einstein-Hilbert action
gives for Newton's Constant the general formula
Similarly by integrating out the internal dimensions in the gauge field actions gives the following values for the respective visible and hidden gauge coupling constants
2V (x 11 = L) .
(4.6)
Let us evaluate the formula for Newton's Constant first for the pure Horava-Witten set-up where only boundary sources are present and second for the situation with an additional M5 brane parallel to the boundaries which is of relevance for the stabilization proposal of [14] . 7 For the first case, we find
where
The dependence of G 4 on L is depicted in fig.2 . We see first of all that G 4 is a monotonously decreasing function which stays positive for all values of L. This is in contrast to the linearized background evaluation where G 4 became negative for too large L as a result of the negative metric problem. However, as discussed before one should rather place the hidden boundary before the singularity at x 11 0 = 1/S v to avoid inconsistencies with the hidden boundary gaugino's kinetic term. The same would apply if one works exclusively in the classical supergravity framework and thus has to cut out the singularity. Then the upper bound on L ≤ 1/S v results in a lower bound on G 4 which is which is in excellent agreement with the observed value G exp 4 = (1.22 × 10 19 GeV) −2 . Actually, the linearized approach [4] gave 14 3/2 times this value as a lower bound on G 4 . The task of predicting the correct value for G 4 in the pure (i.e. without additional sources) Horava-Witten theory thus becomes the task to find a mechanism for its stabilization at the orbifold length L = 1/S v . Actually the stabilization mechanism of [14] gives exactly 15 a stabilized L at L = 1/S v . However, it employs an additional parallel M5 brane source which changes the geometry and brings us to our next case. One shouldn't be too surprised though that the scale is set by the flux as any minimum of the moduli potential corresponds to a certain length scale and there are only κ (or α ′ in string-theory) and the length scale associated to the background value of the fluxes (essentially given by the compactification scale) available at a fundamental level. Thus it is essentially the proportionality constant which has to be determined 16 .
So, let us now consider the situation with an additional parallel M5 brane which is 4d spacetime filling and wraps an internal holomorphic 2-cycle Σ of the CY (for some background material concerning the inclusion of M5 branes see e.g. [16] , [39] ). It is located at x 11 5 along the orbifold interval. With two flux sources present, S v from the visible boundary and S 5 from the M5-brane (note that the hidden boundary source is not independent due to (2.20)), the 4d Newton's Constant becomes in this case
.
(4.11) 14 Already in [4] the lower bound on G 4 which was found in the linearized approach came extremely close to the measured value. By extrapolating the linearized CY volume down to the point x 11 = L c where the linearized CY volume vanishes and requiring that L ≤ L c it was found that G 4 ≥ (3/2)G 4,c = (0.98 × 10 19 GeV) −2 . 15 The orbifold length which was denoted Rρ in [14] gets stabilized at R = V 1 /r v with V 1 v, r v the normalized visible boundary CY volume resp. the visible boundary flux (ρ, v were dimensionful normalization parameters). One has to translate that relation through S v = ( rv V1ρ ) there , S M5 = −( rM5 V1ρ ) there , L = (Rρ) there , V v = (V 1 v) there to the notation employed here giving the relation L = 1/S v . 16 Recently, it was argued that also in string-theory a stabilization of the dilaton g s (which corresponds to L 2/3 here) at a scale g s ≃ 1/Q RR set by the RR flux quantum numbers Q RR can be achieved. See e.g. the remarks in [36] .
If we define the combined flux parameter S v,5 = (S v + S 5 )/(1 − S v x 11 5 ), then in the general case in which S v,5 = 0 we find F (x 11 5 , S v , S 5 ) = S v S v,5 |1 − S v x 11 5 | 5/3 1 − sign(1 − S v,5 (L − x 11 5 ))|1 − S v,5 (L − x 11 5 )| 8/3
For the special case where the fluxes from the visible boundary and the M5 are equal but opposite (notice from (2.4) that S M 5 is negative for a positively oriented 2-cycle Σ while S v as given in (2.3) will in general be positive [4] ) i.e. for the case with S v,5 = 0 one gets
This latter case appears in the aforementioned stabilization mechanism of [14] where the M5 brane is stabilized at position x 11 5 = L/2. Actually, the evaluation of the 4d Newton's Constant with the stabilized value of L = 1/S v is not possible in the linearized background because due to the negative CY problem it gives a non-physical negative valued Newton's Constant as well. It is therefore interesting to see that with the full non-linear background where these problems are nonexistent we obtain with L = 1/S v and x 11 5 = L/2 in the scenario of [14] an F (x 11 5 , S v , −S v ) = 1.26 which with the same values for M −2 GU T and α v as before leads to the prediction G 4 = (1.35 × 10 19 GeV) −2 .
(4.14)
Given the uncertainty in estimating the integral appearing in (4.9) by −V 1/3 v the stabilization proposal's result looks very promising on the way to predict 4d parameters from M-theory.
The full generalization of [14] , [40] to the non-linear background which requires the reduction of heterotic M-theory over the non-linear background is under way and we hope to report on this soon. However, it is clear that in order to predict the right value for Newton's Constant one would need a stabilization mechanism which is capable of giving an F (x 11 5 , S v , S 5 ) ≃ 1.
